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The Longitudinal Structure Function at HERA
R.S. Thorne∗
Department of Physics and Astronomy, University College London, WC1E 6BT, UK
I investigate the theoretical uncertainties on the predictions for the longitudinal struc-
ture function FL(x,Q
2). I compare the predictions using fixed-order perturbative QCD,
higher twist corrections, small-x resummations and the dipole picture. I compare the
various predictions to the recent HERA measurements and examine how the data still
to be analysed may discriminate between the approaches.
1 Introduction
I consider the impact of a measurement of FL(x,Q
2) [1]. Until recently we have been limited
to consistency checks on the relationship between F2(x,Q
2) and FL(x,Q
2) at high y, where
both contribute to the total cross-section σ˜(x,Q2) = F2(x,Q
2)−y2/(1+(1−y)2)FL(x,Q
2).
Extracting FL data requires an extrapolation in y making some theory assumptions. It is
more useful to fit directly to σ˜(x,Q2) where there is a turn-over at the highest y. Previous
studies have sometimes found that at NLO the turn-over is too small, but better at NNLO
due to large corrections to FL(x,Q
2) [2]. However, the precision of such studies is limited,
and can be affected by systematics, e.g. the photo-production background uncertainty.
Using the final low-energy run at HERA, a direct measurement of FL(x,Q
2) at HERA is
possible [3, 4].
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Figure 1: An illustration of the charm
contribution to FL(x,Q
2) in a general-
mass variable flavour number scheme.
Here I outline the implications and the pre-
dictions. The measurement of FL(x,Q
2) gives
an independent test of the gluon distribution
at low x to accompany that determined from
dF2(x,Q
2)/d lnQ2. However, it is also a direct
test of success of alternative theories in QCD.
These are slightly different issues. It is not ob-
vious for which FL(x,Q
2) has more discriminat-
ing power. First I will discuss the predictions at
LO, NLO and NNLO perturbation theory. I briefly
highlight the issue of heavy flavours, since this is
more important for FL(x,Q
2) than for F2(x,Q
2)
at low orders. The total structure function is dom-
inated by CLg(αS , x) ⊗ g(x,Q
2) contributions. In
the massless quark approximation charge weighting
means F cL(x,Q
2)is nearly 40% of the total. How-
ever, there is a large massive quark suppression
in heavy flavour coefficient functions. F cL(x,Q
2) is
suppressed by a factor of v3 where v = 1−
4m2cz
Q2(1−z)
is the velocity of the heavy quark in the centre-of-
mass frame. Q2 >> m2c before the massless limit
starts to apply, as shown in Fig. 1.
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Figure 2: The gluon distribution (left) and longitudinal structure function (right) at LO,
NLO and NNLO using preliminary MSTW08 pdfs [6].
At small x the large order-by-order change in the splitting functions, particularly Pqg,
leads to a large variation in the gluon extracted from a global fit, shown in the left of
Fig. 2. However, the NNLO O(α3s) longitudinal coefficient function C
3
Lg(x) [5] has a large
positive contribution at small x, and this counters the decrease in the small-x gluon. The
predictions for FL(x,Q
2) at LO, NLO and NNLO are shown in the right of Fig. 2. The
FL(x,Q
2) prediction is more stable than the gluon at small x. The uncertainty (shown only
for NNLO) becomes enormous as x decreases below 0.0001, but at the lowest Q2 the NLO
and NNLO predictions are discrepant in some regions. The LO prediction is far larger than
either, reflecting the huge correction in the small-x gluon going to NLO.
2 Beyond fixed order
There are various potentially large corrections beyond fixed-order perturbation theory. It is
possible there is a large higher twist contribution from renormalons in the quark sector. For
F2(x,Q
2) the renormalon calculation of higher twist dies away at small x (due to satisfying
the Adler sum rule). It is a completely different picture for FL(x,Q
2). At small x the
contribution is proportional to the quark distributions, i.e. FHTL (x,Q
2) ∝ F2(x,Q
2). The
explicit renormalon calculation [7] gives
FHTL (x,Q
2) =
A
Q2
(δ(1− x)− 2x3)⊗
∑
f
Q2fqf (x,Q
2),
DIS 2008
where A ≈
4Cf exp(5/3)
β0
Λ2QCD ≈ 0.4 − 0.8GeV
2. It should be stressed that this effect is
nothing to do with the gluon distribution, and is not part of the higher twist contribution
included in the dipole approach. At small x the correction becomes effectively
FHTL (x,Q
2) =
A
3Q2
δ(1− x)⊗
∑
f
Q2fqf (x,Q
2) ≈
A
3Q2
F2(x,Q
2),
and is ∼ 0.1 for x = 0.0001 and Q2 = 2GeV2.
If the small-x NNLO correction is itself rather large, might not higher orders still be
important? There are leading ln(1/x) terms of the form Pgg(x) ∼
αnS ln
n−1(1/x)
x , Pqg(x) ∼
αnS ln
n−2(1/x)
x and CLg(x) ∼
αnS ln
n−2(1/x)
x . A fit which performs a double resummation of
leading ln(1/x) and β0 terms leads to a better fit to small-x data than a conventional
perturbative fit [8]. The gluon distribution from this resummed fit is larger at small x
and Q2 than NLO or NNLO, and this is reflected also in the prediction for FL(x,Q
2).
Similar approaches [9, 10] all lead to rather comparable results for the calculated splitting
functions, but only in [8] has detailed phenomenological studies taken place. A comparison
of the longitudinal coefficient functions from two approaches is shown in Fig. 3. The two
results are clearly of the same form, so it is expected that a prediction for FL(x,Q
2) using
the approach in [9] should be similar to that produced in [8].
0
0.05
0.1
10 -6 10 -510 -410 -310 -2 10 -1 1
C L
g
x
Figure 3: The longitudinal coefficient function CL,g calculated using the approaches in [8]
(left, solid line), and [9] (right, blue line).
Finally I consider the dipole picture [11]. As with small-x resummations this can be cast
in the language of f(x, k2) – the unintegrated gluon distribution – which is directly related
to the dipole-proton cross-section. The structure functions are obtained by convoluting
this dipole cross-section with the wave-functions for the photon to fluctuate into a quark-
antiquark pair. This picture includes some of the resummation effects, and also higher twist
contributions, and is designed to approach Q2 = 0 smoothly. However, it misses quark and
higher-x contributions. Overall FL(x,Q
2) predicted in this approach is steeper at small x
than fixed order, and automatically stable at lowest Q2, see e.g. [12]. The general features
are rather insensitive to whether saturation effects are included in the dipole cross-section.
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3 Predictions Comparison of different FL predictions
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Figure 4: A comparison of the various predictions for
FL(x,Q
2) with the HERA data.
I present the various pre-
dictions for FL(x,Q
2) along
a line of x = Q2/35420,
which corresponds well to the
current HERA measurements
[13], and to those yet to ap-
pear. The data are in good
agreement with all the pre-
dictions. Along this line
the NLO and NNLO pre-
dictions [6] are very similar,
and the higher twist correc-
tions are slightly smaller than
the pdf uncertainties at NLO
and NNLO. The resummation
prediction [8] and dipole model prediction [14] (very similar in [15]) have a different shape,
and it is perhaps possible to distinguish the former at lower Q2. At Q2 ≥ 10GeV2 the
uncertainty on fixed order predictions is a few percent. An FL(x,Q
2) measurement will
not add much to the direct constraint on the gluon. However, there may be deviations
from NLO/NNLO predictions of 20− 30% due to e.g. resummations or dipole models. For
Q2 ≤ 10GeV2 the uncertainty in NLO/NNLO predictions for FL(x,Q
2) due to the gluon
uncertainty increases to > 20%. A good measurement of FL(x,Q
2) here will automatically
improve the gluon determination. Resummations/dipole models suggest a higher low-Q2
FL(x,Q
2) by an absolute value of up to 0.15 – well outside the fixed-order uncertainties. A
good measurement of FL(x,Q
2) will start to discriminate between theories.
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